Abstract. We study the spinor flow on homogeneous spin manifolds. After providing the general setup we discuss the homogeneous spinor flow in dimension 3 and on almost abelian Lie groups in detail. As a further example the flag manifold in dimension 6 is treated.
Introduction
The spinor flow is a geometric evolution equation for a pair consisting of a Riemannian metric g and a unit spinor ϕ on a spin manifold M . Here a unit spinor is a section of unit length of the complex spinor bundle Σ g M determined by the spin structure and the Riemannian metric g. It is the negative gradient flow of the spinorial energy functional
The critical points of this flow in dimension 3 and up are absolute minimizers, i.e. pairs of Riemannian metrics g and unit spinor fields ϕ satisfying ∇ g ϕ ≡ 0. This implies that g is a Ricci flat metric of special holonomy. Moreover, pairs of a Riemannian metric and a unit Killing spinor field are particular cases of volume constrained critical points of the spinorial energy. Thus, the spinor flow is a natural tool to study the geometry of special holonomy spaces and the related weak holonomy spaces.
Short-time existence of the spinor flow on a compact spin manifold has been established in [1] and first steps towards understanding the long-time behaviour have been taken in [18] , [19] . In particular it is shown in [18] that the flow is stable near a critical point, i.e. a metric g together with a parallel spinor ϕ (in this article we will restrict to dimensions n ≥ 3, the surface case has been addressed in [2] ). The behaviour of the volume-normalized spinor flow near a constrained critical point (e.g. a metric g together with a Killing spinor ϕ) is more subtle, see again [18] . The spinor flow equation is a quasilinear parabolic equation, thus understanding the global behavior of the spinorial energy and the spinor flow equation is a difficult problem in general. Understanding their behaviour in the more restricted homogeneous setting has been one of the motivations for this present article.
A fact of fundamental importance for this study is that the spinorial energy is spin diffeomorphism invariant. This invariance implies that the spinor flow preserves symmetries, in the sense that if F * (g, ϕ) = (g, ϕ), then F * (g t , ϕ t ) = (g t , ϕ t ) for the solution of the spinor flow with initial condition (g, ϕ) . This suggests that we can define a homogeneous spinor flow for initial conditions, which are invariant under a transitive group action G M . The domain N of the spinorial energy can be considered as the space of sections of the so-called universal spinor bundle, which fits the space of metrics and the associated spinor bundles into a single fiber bundle. The homogeneous spinor flow is then a dynamical system on the finite-dimensional 1 subspace N G ⊂ N of G-invariant sections of the universal spinor bundle. The spinorial energy functional and the L 2 -metric on N G can be explicitly computed. In some situations the space N G and the spinorial energy functional is sufficiently simple to describe the behaviour of the spinor flow. In this paper, the calculations are done for unimodular three dimensional Lie groups, almost abelian Lie groups and the flag manifold in dimension six.
2. The spinor flow in general 2.1. The universal spinor bundle and the spinorial energy. Let M be a spin manifold. By this we mean a smooth oriented n-dimensional manifold such that the principal GL + (n) bundle of oriented frames P admits a double cover π :P → P , whereP is a GL + (n) principal bundle, such that the group action commutes with the covering map, i.e. the following diagram commutes
The principal bundleP is called a topological spin structure on M . A Riemannian metric g on M defines a reduction of P to the structure group SO(n) ⊂ GL + (n). This reduction is given by the bundle P g of oriented orthonormal frames of (M, g). The preimageP g = π −1 (P g ) ⊂P defines a Spin(n) reduction of P . The bundleP g is a spin structure on (M, g). Thus, for a spin manifold all spin structures arise as subbundles of the topological spin structureP . This observation can be used to fit all spinor bundles into one fiber bundle, called the universal spinor bundle.
Recall that the complex spinor bundle of a spin manifold (M, g) is given by
where Σ n = C
2
[n/2] and ρ n : Spin(n) → End(Σ n ) is the standard spin representation. Since GL + (n) → GL + (n)/Spin(n) ∼ = ⊙ 2 + (R n ) * is a Spin(n)-principal bundle, we can form the associated vector bundle
which carries an action from the left of GL + (n). The universal spinor bundle is by definition the fiber bundle ΣM =P × GL+(n) F n with typical fiber the total space of the vector bundle F n . It thus has a double fibration structure ΣM M is a vector bundle with typical fiber Σ n . A section Φ of ΣM may be identified with a GL + (n)-equivariant map Φ :P → F n so that the projection F n → ⊙ a Riemannian metric on M . The metric g Φ defines a geometric spin structurẽ P gΦ ⊂P , which is explicitly given byP gΦ = Φ −1 (Spin(n) × ρn Σ n ). Thus the restriction of Φ toP gΦ naturally defines a Spin(n)-equivariant map ϕ Φ :P gΦ → Σ n , i.e. a section ϕ Φ of the spinor bundle Σ gΦ M . So to any universal spinor field Φ, we may associate the pair
Conversely, a metric g and a section ϕ of Σ g M define in a unique way a section of ΣM . It is this property that leads us to call ΣM the universal spinor bundle of the spin manifold M . The space of sections of ΣM will also be denoted by F . The space of unit length sections of the universal spinor bundle N = {Φ = (g, ϕ) ∈ Γ(ΣM ) : |ϕ| ≡ 1} ⊂ F is the domain of the spinorial energy functional. To define this functional, recall that the Levi-Civita connection on T M induces a connection ∇ g on Σ g M . The spinorial energy functional is given by
This energy functional has several important symmetries. We restrict here to the invariance under so-called spin diffeomorphisms and refer for the other symmetries to [1] . A spin diffeomorphism is a diffeomorphism f : M → M for which the induced map df : P → P lifts to the spin structureP . We denote by Diff S (M ) the group of such spin diffeomorphisms of M . Then the lifts of elements of Diff S (M ) themselves form a group Diff S (M ) and there is an exact sequence
The group Diff S (M ) acts on the universal spinor bundle ΣM . Let F :P →P be an element of Diff S (M ). Considering elements of Γ(ΣM ) as GL + (n)-equivariant mapsP → F n , the map F acts on Γ(ΣM ) by precomposition, i.e. F * Φ = Φ • F for Φ ∈ Γ(ΣM ). One easily checks that E(F * Φ) = E(Φ) for any universal spinor field Φ.
2.2.
The spinor flow. The spinor flow is the negative gradient flow of the spinorial energy functional E with respect to the natural L 2 -metric on N , which we will describe momentarily. Thereto, look first at the principal SO(n)-bundle GL + (n) → GL + (n)/SO(n) = ⊙ 2 + (R n ) * and note that the decomposition of an n×n-matrix into its symmetric and anti-symmetric part naturally induces a splitting of T GL + (n) into a horizontal and vertical distribution, see the text before Lemma 3.4 for an explicit description. So we get a natural SO(n)-connection on this principal bundle and so also a natural principal Spin(n)-connection on the Spin(n)-bundle
Both of these connections are known as Bourguignon-Gauduchon connection as they were first introduced by these two authors in their joint paper [8] . Using the Bourguignon-Gauduchon connection, one may define a natural horizontal distribution on the vector bundle ΣM → ⊙ 2 + T * M and so obtains an isomorphism
for all x ∈ M . This isomorphism yields an identification
i.e. we may split the tangent space T (g,ϕ) N into metric and spinorial directions. ·) ) g , which arises from integrating the pointwise scalar product (· , ·) g on ⊙ 2 T * M induced by g. Similary, one obtains a natural L 2 -metric · , · g on Σ g M by integrating the pointwise scalar product · , · on Σ g M , the latter being the one induced by the natural Spin-invariant scalar product on Σ n . The gradient of the functional E may now be defined With respect to that L 2 -metric on T (g,ϕ) N . The negative gradient of E will be denoted by Q, i.e.
The spinor flow is then defined by the equation
The negative gradient Q can be split into a metric part
. In [2] , the following formulas for the components of Q were found:
where
To understand the long-time behaviour of the spinor flow, it is imperative to understand finite-time singularities of that flow. Self-similar solutions of the spinor flow are possible singularities. A particular class of self-similar solutions are those which evolve only by scaling the metric, or equivalently critical points of the volumenormalized spinor flow. To obtain such critical points one restricts the spinorial energy functional E to N 1 := {Φ = (g, ϕ) ∈ N : vol g (M ) = 1}. Using that
and the volume-normalized spinor flow is given by
Since E(F * Φ) = E(Φ) for any Φ ∈ M and any F ∈ Diff S (M ) one obtains directly:
Proposition 2.1. Let Φ ∈ N ,Φ ∈ N 1 and F ∈ Diff S (M ). Moreover, let (Φ t ) t∈I be the solution of the spinor flow with initial value Φ and (Φ t ) t∈I be the solution of the volume-normalized spinor flow with initial valueΦ.
(Φ) and, consequently, (F * Φ t ) t∈I is the solution of the spinor flow with initial value F * Φ and (F * Φ t ) t∈I is the solution of the volume-normalized spinor flow with initial value F * Φ .
Universal spinor fields on homogeneous manifolds
For the purposes of this article it is clearly necessary to understand the universal spinor bundle and its invariant sections on a homogeneous manifold.
A manifold M is called homogeneous if a Lie group G acts transitively on it. Fix now x ∈ M for the rest of this article. Then g · x → gH is a diffeomorphism from M to the quotient manifold G/H, where H is the stabilizer subgroup of the point x ∈ M . Hence, we may identify M with G/H and so T x M with T eH G/H. Throughout this article the natural assumptions that G is connected and simply connected, that H is compact and its action of H is reductive are made. The action of H is by definition reductive, if the Lie algebra g splits as h ⊕ p, where h is the Lie algebra of H and p is invariant under the adjoint action of H. Denoting then the canonical projection from G to G/H by π, the restriction of dπ e : g → T eH G/H ∼ = T x M to p is an isomorphism and we will from now on identify T x M with p.
Assume now that M is an oriented manifold and that G acts in an orientation preserving manner. Consider the isotropy representation
and choose a G-invariant background metricḡ. Note that such a metric is given by an H-invariant scalar product on p and that such a metric exists on M if and only if H is compact. Since we assumed H to be compact, this is the case. If M is compact, we additionally assume that volḡ(M ) = M volḡ = 1. Fix an oriented orthonormal basis (X 1 , . . . , X n ) of p = T x M , identifying p with R n . With respect to this identification the isotropy representation α becomes a homomorphism into SO(n) ⊆ GL + (n).
The tangent bundle of M can be constructed from the group G and the isotropy representation α :
Assuming there is a lift
of the isotropy representation, the associated bundlẽ
forms a topological spin structure. Thus, a topological spin structure compatible with the homogeneous structure is given by a lift of the isotropy representation, leading to the following definition.
Definition 3.1. An equivariant spin structure on a homogeneous manifold G/H is a liftα : H → GL + (n) of the isotropy representation α : H → GL + (n).
Given such an equivariant spin structure, the universal spinor bundle equals
A universal spinor field is a section of ΣM and may hence be identified with an H-equivariant smooth map Φ : G → F n . Now note that as the group of diffeomorphisms isotopic to the identity Diff 0 (M ) is a subgroup of Diff S (M ), the group G acts by spin diffeomorphisms. Hence, we may define: Definition 3.2. A G-invariant universal spinor field is a section Φ of ΣM , which is invariant under the action of G, i.e. which satisfies F * Φ = Φ for any F ∈ Diff S (M ) that arises as the lift of a g ∈ G ⊂ Diff S (M ).
With respect to the identification ΣM = G ×α F n , the action of G on F is given by left-translation in the argument of F ∈ F , F : G → F n , and so a G-invariant universal spinor field Φ corresponds to a constant H-equivariant map G → F n or in other words an H-invariant element in F n . Similarly, a G-invariant metric g on
denote the space of G-invariant universal spinor fields, N G ⊆ F G the subspace of G-invariant universal spinor fields of unit length and
The next lemma gives us a more explicit description of the space F G :
(h)Ã ∈ Spin(n) for all h ∈ H, and
Proof. The action of H on F n is given by For the rest of the paper we assume that F G = ∅ and denote by A ∈ GL + (n) the image ofÃ under the covering map GL + (n) → GL + (n). Note that
is the projection of a vector bundle, condition (i) in Lemma 3.3 ensuring that the projection lands in M G . In particular, M G = ∅ as well. Moreover, we explicitly get
H , the latter being the space of H-invariant symmetric positive definite real n × n-matrices.
Coming back to Lemma 3.3, we see that the invariance condition for the spinorial part ϕ of the G-invariant universal spinor Φ = [Ã, ϕ] depends on the chosenÃ and so may not be formulated consistently for all universal spinors. However, we are only interested in getting such a consistent invariance condition for a solution of the spinor flow t → Φ t = [Ã t , ϕ t ] ∈ N G in our homogeneous setting. This may be achieved as follows:
Consider an arbitrary path g t of G-invariant metrics on M and let A t in GL + (n) andÃ t in GL + (n) be the horizontal lifts of this path with respect to the Bourguignon-Gauduchon connections. Moreover, recall that the horizontal distribution H defining the Bourguignon-Gauduchon connection on the principal SO(n)-bundle
n and the vertical distribution V are explicitly given by
for A ∈ GL + (n). Using these explicit descriptions of H and V, one obtains:
Lemma 3.4. If A t andÃ t are horizontal lifts of a path of G-invariant metrics g t , then the representations
On the other hand, since A t is a horizontal curve,
Here we have used that the horizontal distribution H is left-invariant by GL + (n) and right-invariant by SO(n). However, since vertical and horizontal spaces are complementary, this implies that
tα (h)Ã t has to be constant as well. As a consequence, the vector bundle π : F G → M G may be trivialized along a path of G-invariant metrics by parallel transport.
Proof. LetÃ t be the horizontal lift of g t to GL + (n) withÃ 0 =Ã, thenÃ
for all t ∈ I according to Lemma 3.4. Then
provides a trivialization.
If Φ t is a family of G-invariant universal spinor fields covering the family of G-invariant metrics g t (with g 0 = g), we may therefore identify it with the family
obtained by writing Φ t = [Ã t , ϕ t ] forÃ t the horizontal lift of g t . This will apply in particular to a solution of the spinor flow in our homogeneous setting.
Remark. For practical purposes, we will compute F G by linearization of the group action, i.e. we will compute Sym + (n, R)
4. The spinorial flow on homogeneous manifolds 4.1. Spinorial energy in the homogeneous setting. The considerations of the former section enable us to explicitly calculate the spinorial energy of an invariant section Φ of the universal spinor bundle ΣM of a compact G-homogeneous space M = G/H with properties as before. We use all the notations and identifications from the last section and first of all choose a representative (Ã, ϕ) ∈ GL + (n)×Σ n of Φ, i.e. Φ = [Ã, ϕ], and let A be the image ofÃ under the map GL + (n) to GL + (n). We will express the spinorial energy E(Φ) of Φ in terms of this representative and note that the formula is of course independent of the chosen representative although one may not spot this directly when looking at the formula.
We first will derive a formula for the spin connection adapted to our setting, namely the one already given in [4] . For completeness and to help the reader in understanding all the above identifications, we recapitulate the computations done in [4] to derive that formula. Let us start with the Levi-Civita connection for vector fields. As we have a G-homogeneous space, there are distinguished vector fields given by the fundamental vector fields X ∈ Γ(T M ) of elements X ∈ g. These fundamental vector fields are Killing for the induced G-invariant Riemannian metric g = g A and fulfill
The following calculations will all be made at the point x ∈ M . In this setting the Levi-Civita connection satisfies the identity [6, 7. 28 Proposition] for all X, Y, Z ∈ g, where the index p denotes the projection g → p along h.
Now note that we have we have fixed an oriented basis (X 1 , . . . , X n ) of p, which constitutes an orthonormal basis for a G-invariant background metricḡ. As we have chosen a specific representative (Ã, ϕ) ∈ GL + (n) × Σ n , we also have a natural orthonormal basis (
for all i, j, k = 1, . . . , n and observe that
where the latter isomorphism is given by [ 
, by an abuse of notation, we also denote the G-invariant spinor field itself by ϕ.
At this point, recall that the Levi-Civita connection of g corresponds to a unique principal SO(n)-connection on P g , which then uniquely lifts to a Spin(n)-connection onP g inducing the spin connection ∇ g on the associated bundle Σ g M . By identifying sections of Σ g M with Spin(n)-equivariant maps σ :P g → Σ n , the spin connection ∇ g is explicitly given by ∇ X σ = X * (σ), where X * ∈ X(P g ) is the unique horizontal lift of X ∈ X(M ). Now let σ :P g → Σ n be the Spin(n)-equivariant map associated to ϕ and letB ∈ Spin(n). andg ∈ G. Then [g,B] ∈ G ×Ã −1αÃ Spin(n) ∼ =Pg is in the fibre ofP g overg · x and with the above identifications we obtain
there exists a (unique) curve t →B(t) ∈ Spin(n) withB(0) = 1 Spin(n) such that c(t) := [exp(tY ),B(t)] ∈P g is horizontal and fulfillsċ(0) = Y * (x). Thus, we obtain
So we are left with computingḂ(0). Since
is a horizontal curve in P g , all the vector fields along c contained in this horizontal curve are parallel. Hence, we get
where b also denotes the map SO(n)
This implies first of all
for any i = 1, . . . , n and then
as by assumption volḡ(M ) = 1. Altogether, we obtain the following theorem on the energy of G-invariant universal spinor fields:
To discuss also the volume-normalized spinor flow in a homogeneous setting, we need to identify those G-invariant universal spinor fields [Ã, ϕ] of length one for which additionally vol g A (M ) = 1. By the above computations, we see that these are exactly those satisfying det(A) = 1, i.e. we have
Hence, the metric parts of elements in N G 1 constitute the subset Sym
4.2. The homogeneous spinor flows. Next, we study both spinor flows in our homogeneous setting. Let Φ ∈ N G or Φ ∈ N G 1 , respectively, and choose someÃ ∈ GL + (n) covering g Φ , i.e. with A −T A −1 = g Φ . Then Proposition 2.1 implies that the solution t → Φ t of the usual or the volume-normalized spinor flow, respectively, with initial value Φ stays in N G or N G 1 , respectively, and so may be identified by Lemma 3.5 with a curve t → (g t , ϕ t ) in Sym + (n, R)
respectively, where H acts on Σ n by ρ n •Ã −1αÃ
. Hence, we define:
The homogeneous spinor flow on M is the system of ODEs on
The volume-normalized homogeneous spinor flow on M is the system of ODEs on Sym
For later applications, we discuss how one may compute Q(Φ) andQ(Φ) in practice. This discussion will also allow us to define both homogeneous spinor flows for non-compact reductive homogeneous spaces.
Let us start with Q(Φ), i.e. Φ ∈ N G , and more specifically with the computation of
E(Φ t ) for t → Φ t ∈ N being a horizontal curve with Φ 0 = Φ such that the associated curve t → g t of Riemannian metrics fulfillsġ 0 =ġ. In our setting, everything is G-invariant and so it suffices to considerġ ∈ Γ(
For such aġ, we obtain
for any h ∈ Sym(n, R)
H be a smooth curve with g 0 = g andġ 0 =ġ. Then the horizontal curve t → Φ t from above is given by t → [Ã t , ϕ] for (Ã t ) t∈I being the horizontal lift of (g t ) t with A 0 =Ã and we obtain
The computation for Q 2 (Φ) is similar but much easier and one obtains
At this point, note that all of the above spaces of H-invariant tensors and spinors and all of the above explicit formulas for the different quantities related to the homogeneous spinor flows on a compact homogeneous manifolds may also be defined for non-compact (reductive) homogeneous spaces. Hence, we arrive at the following definition: Definition 4.3. Let M = G/H be a non-compact reductive homogeneous space. Then we define the spinorial energy functional by equation (4.1). Moreover, for Φ = [Ã, ϕ] ∈ N G , we define
by equations (4.4), (4.5) and then the homogeneous spinor flow by equation (4.2). Furthermore, we set N Remark 4.4. In the case of a compact reductive homogeneous space G/H, we took above a G-invariant background metricḡ of unit volume vol(ḡ) = 1. If we take instead a G-invariant background metricg of some other volume vol(g) = C > 0, then formula (4.1) for the spinorial energy functional E gets multiplied by C (surely, the energy of a G-invariant universal spinor is independent of the chosen background metric but A ∈ GL + (n) with Φ = [Ã, ϕ] depends on the background metric). However, this factor cancels out when computing the flow equations for the homogeneous spinor flow. Moreover, for the volume-normalized flow, now normalized to volume equal to C, the additional term for Q 1 is
2n E(g, ϕ) g. Thus, also in this case, the flow equations stay the same. This is why we do not require below that our chosen background metric has volume equal to one leading to E(Φ) being correct only up to a positive constant multiple but correct flow equations.
Remark 4.5. For a non-compact homogeneous space G/H it is not clear, whether a solution of the homogeneous spinor flow also solves the partial differential equations derived in [1] . However, if G/H admits a cocompact lattice, the following nonrigorous argument can be made to support this hypothesis.
It is presumably possible to extend the existence and uniqueness theory for the spinor flow on closed manifolds to initial values with bounded geometry on any manifold. In that case the spinor flow would be defined by the partial differential equations 2.2. Since the spinor flow is defined by a partial differential equation, it commutes with the action of a covering map, i.e. if M,M are manifolds and p :M → M is a covering map and Φ t is a solution of the spinor flow on M , then p * Φ t is a solution of the spinor flow onM . Now presume that G/H is a non-compact homogeneous space and assume that Λ is a cocompact lattice. The space Λ\G/H is a compact locally homogeneous space. Denote by π : G/H → Λ\G/H the canonical projection. This induces a pullback map
On the other hand, for G-invariant universal spinor fields, there is a push forward map
The image of π * can be considered to be the locally invariant sections of the universal spinor bundle. This set of locally invariant sections will be denoted by
Now assume that Φ ∈ Γ(Σ(Λ\G/H)) loc G and letΦ = π * Φ be its pullback. Then the spinor flows Φ t andΦ t on Λ\G/H and G/H respectively satisfy π * Φ t =Φ t . SinceΦ is G-invariant by definition, the solutionΦ t is also G-invariant for every t. This implies that Φ t also remains locally invariant, i.e. Φ t ∈ Γ(Σ(Λ\G/H)) loc G . Thus there is a well-defined notion of a locally homogeneous spinor flow.
If Φ ∈ Γ(Σ(Λ\G/H)) is a universal spinor field, which lifts to an invariant universal spinor fieldΦ on G/H, then we can consider the spinor flows with initial condition Φ on Λ\G/H andΦ on G/H respectively. Denote these spinor flows by Φ t andΦ t . ThenΦ t = π * Φ t . The calculations of the spinorial energy functional and gradient performed in the previous sections could be repeated for the set of locally invariant universal spinors Γ(Σ(Λ\G/H)) loc G . The calculations at a point would not change, only the terms involving the volume depend on the lattice Λ. However, the dependence on the volume cancels in the calculation of the negative gradient (Q 1 , Q 2 ), see the previous remark. Thus precisely the same formulas hold for the locally homogeneous spinor flow. The solution of the locally homogeneous flow is a solution of the negative gradient flow of the spinorial energy functional. Since Λ\G/H is a compact manifold, this implies that the solution also solves the partial differential equations (2.2).
Finally, letΦ ∈ Γ(Σ(G/H)) G and suppose thatΦ t is a solution of the homogeneous spinor flow. Then π * Φt solves the locally homogeneous spinor flow, since the defining formulas coincide. On the other hand, then π * Φt is also a solution of the spinor flow. It follows that π * π * Φt =Φ t also solves the partial differential equations (2.2).
The homogeneous spinor flow in dimension three
In this section, we consider the spinor flow in dimension three. Dimension three is rather special, because the spinorial component of the solution only moves by parallel translation with respect to the Bourguignon-Gauduchon connection. This is due to the following theorem.
Theorem 5.1. Let M = G/H be a homogeneous manifold of dimension 3 and let
and, consequently, Q 2 (Φ) = 0. Hence, the solution of the homogeneous spinor flow on M with initial value Φ is of the form
5.1.
Spinor flow on three-dimensional unimodular Lie groups. In this section, we consider the homogeneous spinor flow on three-dimensional unimodular Lie groups G, i.e. we assume that H = {e} and that tr(ad(X)) = 0 for all X ∈ g.
Note that by [15] , the associated simply-connected Lie groups are precisely those which admit cocompact lattices in dimension three. Hence all of them give rise to Thurston geometries, possibly by passing to the maximal geometry associated with the left-invariant metric, see [20] .
By the Bianchi classification [7] , the possible Lie algebras g are su(2), sl(2, R), e(2), e(1, 1), h 3 and R 3 , where e(2) and e(1, 1) are the Lie algebras of the group of motions of the Euclidean or the Minkowski plane, respectively, and h 3 is the three-dimensional Heisenberg group. Again by the Bianchi classification, we may choose a basis X 1 , X 2 , X 3 of g such that
for certain ǫ 1 , ǫ 2 , ǫ 3 ∈ {−1, 0, 1}. We will call such a basis a standard basis for g. Note that there are 27 different choices for (ǫ 1 , ǫ 2 , ǫ 3 ) and all of them correspond to one of the six unimodular three-dimensional Lie algebras mentioned above. So there are surely different values of (ǫ 1 , ǫ 2 , ǫ 3 ) corresponding to the same Lie algebra and we restrict here to give one example of (ǫ 1 , ǫ 2 , ǫ 3 ) for each of the six threedimensional unimodular Lie algebras. Note that we will use exactly that triple below when discussing each Lie algebra individually:
. Now let us come to the homogeneous spinor flows on these Lie algebras g. By Theorem 5.1, only the metric evolves and so we will consider these flows as flows for metrics g on g. Moreover, we will consider both homogeneous spinor flows for initial metrics g which are diagonal with respect to a standard basis (X 1 , X 2 , X 3 ), i.e. g = g a1,a2,a3 := 3 i=1 a i X i ⊗ X i for certain a 1 , a 2 , a 3 ∈ (0, ∞) and show that then the solutions of both homogeneous spinor flows stay diagonal with respect to the standard basis (X 1 , X 2 , X 3 ). This is no restriction by the next lemma:
Lemma 5.2. Let g be a Riemannian metric on a unimodular three-dimensional Lie algebra g. Then g admits a g-orthogonal standard basis.
Proof. The assertion is obviously true for g = R 3 .
If g = h 3 , then z(g) = [g, g] and [g, g] is one-dimensional. Hence, one may choose orthogonal X 2 , X 3 ∈ [g, g]
⊥ . With X 1 := [X 2 , X 3 ] the basis (X 1 , X 2 , X 3 ) is orthogonal and standard.
Next, let g ∈ {e(2), e(1, 1)}. Then [g, g] is two-dimensional and abelian. We choose some non-zero element X 3 ∈ [g, g]
⊥ , set f := ad(X 3 )| [g,g] and note that f has to be trace-free. It suffices to show that there is an orthogonal basis X 1 , X 2 of [g, g] such that g(X 1 , f (X 1 )) = g(X 2 , f (X 2 )) = 0 as then we may scale the vectors X 1 , X 2 , X 3 appropriately to obtain an orthogonal standard basis for g:
To prove the existence of such an orthogonal basis of [g, g] , consider the smooth function F :
. This function has a global minimum in some
is an orthonormal basis of [g, g] . Then the trace-freeness of f writes as
and the curve γ : R → S 1 , γ(t) := cos(t)X 1 + sin(t)X 2 fulfills γ(0) = X 1 ,γ(0) = X 2 andγ(0) = −X 1 . SoF := F • γ has a global minimum in 0, which implies that
where we applied the trace-freeness of f in the last step. The first equation gives us that g(X 1 , f (X 1 )) = 0 or g(X 1 , f (X 2 )) + g(X 2 , f (X 1 )) = 0. In the first case, the trace-freeness of f gives us that then also g(X 2 , f (X 2 )) = 0 and we are done. In the other case, the obtained inequality fromF ′′ (0) ≥ 0 reduces to 0 ≤ −8g(X 1 , f (X 1 )) 2 and so we again have g(X 1 , f (X 1 )) = 0 and then g(X 2 , f (X 2 )) = 0. Next, let g = su(2) and take a standard basis (X 1 , X 2 , X 3 ) of su(2) for (ǫ 1 , ǫ 2 , ǫ 3 ) = (1, 1, 1) . Then the group of inner automorphisms of the Lie algebra su(2) is given by Ad(SU(2)) = SU(2)/Z(SU(2)) = SU(2)/{±1} = SO(3) and if one identifies su(2) with R 3 via the standard basis (X 1 , X 2 , X 3 ), the inner automorphism group SO(3) acts on R 3 via its standard representation. Hence, the assertion for g = su(2) follows from the principal axis theorem.
Finally, let g = sl(2, R) and take now a standard basis of sl(2, R) for (ǫ 1 , ǫ 2 , ǫ 3 ) = (−1, 1, 1). If we identify sl(2, R) with R 3 via that basis, the Killing form of sl(2, R) equals (up to a constant multiple) the Lorentz metric · , · 1,2 on R 3 . As the group of inner automorphisms Ad(SL(2, R)) of sl(2, R) preserves the Killing form, Ad(SL(2, R)) may be identified with a subgroup of O(1, 2) and as Ad(SL(2, R)) is connected, it is easy to see that actually Ad(SL(2, R)) ∼ = SO (1, 2) + . Hence, each (oriented, time-oriented) orthonormal basis of R 1,2 corresponds to a standard basis of sl(2, R) and so we need to find such a basis under which g is diagonal to prove the assertion. To that end, we diagonalize · , · 1,2 with respect to g, i.e. we choose a g-orthonormal basis (X 1 , X 2 , X 3 ) which is orthogonal with respect to · , · 1,2 . By suitably rescaling and possibly reordering this basis, we obtain a g-orthogonal standard basis of sl(2, R). This finishes the proof. Now let (X 1 , X 2 , X 3 ) be a standard basis for some three-dimensional unimodular Lie algebra g and letḡ the left-invariant metric for which (X 1 , X 2 , X 3 ) is an orthonormal basis. Use the basis (X 1 , X 2 , X 3 ) to identify g with R 3 and note that
for X, Y ∈ g, where D := diag(ǫ 1 , ǫ 2 , ǫ 3 ) and × is the usual cross product on R 3 . Now (AX) × (AY ) = det(A) · A −T (X × Y ) for any X, Y ∈ R 3 and sō
for all X, Y, Z ∈ g. We set B := A −1 DA −T and obtain
for any i = 1, 2, 3, where we compute the indices cyclically. Hence, equation (5.1) gives us Now let Φ be such that g := diag(a 1 , a 2 , a 3 ) for certain a 1 , a 2 , a 3 ∈ (0, ∞). We may chooseÃ with
. We first show that Q 1 (g) has to be diagonal, which then implies thatQ 1 (g) is diagonal as well. To show this, we convince ourselves that for anyġ ∈ Sym 2 (3, R) which is off-diagonal, one has d dt t=0 E(Φ t ) = 0 for Φ t being the horizontal lift of a curve I ∋ t → g t ∈ Sym 2 + (n, R) with g 0 = g andġ 0 =ġ. Without loss of generality, we may assume thatġ = 0 1 0 1 0 0 0 0 0 . The other cases are similar. We set
Then one gets that
tȦ t is symmetric for all t ∈ I. Hence, I ∋ t → A t ∈ GL + (n) is a horizontal lift as desired. Moreover, if Φ t = [Ã t , ϕ] is the horizontal lift withÃ 0 =Ã such that A t is the image ofÃ t under the universal cover GL + (n) → GL + (n), then we have
and one sees that E(Φ t ) is a rational function in t with no linear terms in the numerator as well as in the denominator. This implies that
E(Φ t ) = 0 and so that Q 1 (Φ) andQ 1 (Φ) both have no off-diagonal part.
To compute Q 1 (Φ) 11 , note that a horizontal curve I ∋ A t ∈ GL + with A 0 = A and g t := A
Hence, B t = diag((1 + a 1 t)ǫ 1 a 1 , ǫ 2 a 2 , ǫ 3 a 3 ) and det(A t ) = ((1 + a 1 t)a 1 a 2 a 3 )
2 . We set now b i := ǫ i a i and obtain
2 det(A) and so
by equation (4.4). The computation of Q 1 (Φ) ii for i = 2, 3 is similar and one obtains that the homogeneous spinor flow is given by the following system of ODEṡ
Moreover, using equation (2.3), we get that the volume-normalized homogeneous spinor flow is given by the following system of ODEṡ
where we note that this system is, in fact, only two-dimensional as a 1 a 2 a 3 = det(A)
We have a closer look at the different possible cases:
(i) First of all, we consider the cases when at least one ǫ i is zero. Of course, if all ǫ i are zero, i.e. g = R 3 , then all evolutions are trivial.
(ii) Let us now look at the case that exactly one of the ǫ i is not zero. Without loss of generality, we may assume that ǫ 1 = 1 and ǫ 2 = ǫ 3 = 0. Then g is the three-dimensional Heisenberg algebra h 3 , b 1 = a 1 and b 2 = b 3 = 0. So the homogeneous spinor flow is given bẏ
For the initial values a 1 (0) = a .
Moreover, the volume-normalized homogeneous spinor flow is given bẏ .
Note that by Lemma 5.2, we have determined all solutions of both homogeneous spinor flows on h 3 .
(iii) Now assume that exactly two ǫ i are non-zero. Without loss of generality, we may assume that ǫ 1 = 1 and ǫ 3 = 0 and set ǫ := ǫ 2 ∈ {−1, 1}. Note that for ǫ = 1, we have g = e(2), whereas for ǫ = −1 we get g = e(1, 1).
To simplify the equations, we assume that the initial values for a 1 and a 2 are the same. Then we have a 1 ≡ a 2 in both cases. Setting x := a 1 = a 2 , y := a 3 , the homogeneous spinor flow is given bẏ
and the volume-normalized homogeneous spinor flow is given bẏ
The solution of the homogeneous spinor flow with inital value x(0) = x 0 , y(0) = y 0 is given by 
So in all the considered non-abelian cases here and both for the nonnormalized and the normalized spinor flow, the maximal interval of existence (T − , T + ) fulfills T − > −∞ and T + = ∞ and at each boundary point some directions blow up and the others collapse and the ones which collapse at one point blow up at the other and vice versa.
(iv) Now we assume that ǫ 1 = ǫ 2 = ǫ 3 = 1. Then the Lie algebra is g = su(2). The Lie group SU(2) is diffeomorphic to S 3 and the left invariant metric a 1 = a 2 = a 3 corresponds to a round sphere, whereas a 1 = a 2 = a 3 corresponds to a Berger sphere, with fiber length proportional to a 3 . Notice that since ǫ i = 1, we have b i = a i for i = 1, 2, 3. We try to find solutions of the homogeneous spinor flow with initial value being a Berger sphere, i.e. a 1 (0) = . Then the symmetry in the above equations shows that a 2 (t) = a 3 (t) for all t ∈ I. We set x := 4a 1 and y := 4a 2 = 4a 3 and obtain the following initial value problem:
The spinor flow on Berger spheres has been analyzed by Wittmann in [21] by constructing adapted initial spinor fields and calculating the terms Q 1 and Q 2 explicitly. The system above is exactly the same as Wittmann obtains in [21, Lemma 8] for µ = − a 4 and a ∈ {−2, 2} arbitrary. In particular, we see that for ǫ = 1, the solution is given by x(t) = y(t) = 1 − t 16 . Moreover, the volume-normalized spinor flow with initial value as above is given bẏ
These are again exactly the equations that Wittmann gets in the proof of his stability result [21] and so any solution has T + = ∞ and converges for t → ∞ and any ǫ > 0 to a Killing spinor on S 3 by [21] . We come now back now to the case with arbitrary a 1 , a 2 , a 3 . If we linearize then the volume-normalized flow equations at (a 1 , a 2 , a 3 ) = (1, 1, 1) , we obtain the system  α
The coefficient matrix has eigenvalue 0 corresponding to the scaling direction (1, 1, 1) and the double eigenvalue − 5 16 orthogonal to it, implying first of all stability of the volume-normalized flow on the space of leftinvariant metrics of fixed volume which are diagonal with respect to the basis X 1 , X 2 , X 3 from above around the Killing spinor metricḡ. Hence, we have a ball B R (1, 1, 1 ) of some radius R > 0 in R 3 + around (1, 1, 1) such that for each initial value gã 1,ã2,ã3 with (ã 1 ,ã 2 ,ã 3 ) ∈ B R (1, 1, 1) andã 1ã2ã3 = 1 the volume-normalized homogeneous spinor flow converges for t → ∞ to the round metric g 1,1,1 =ḡ on SU(2) ∼ = S 3 (actually,ḡ is the round metric only up to a positive multiple).
Let now g be any left-invariant metric of the same volume asḡ in the ball of radius R around g 1,1,1 in Sym + (3, R) ∼ = ⊙ 2 + su(2). By Lemma 5.2, we know that there is a standard basis (X 1 ,X 2 ,X 3 ) for which g is diagonal, i.e. g = 3 i=1ã iX i ⊗X i . As (X 1 ,X 2 ,X 3 ) and (X 1 , X 2 , X 3 ) are related to each other by an element of SO(3), the metric for which (X 1 ,X 2 ,X 3 ) is orthonormal equalsḡ and so still the distance of g toḡ is less than R, i.e. (ã 1 ,ã 2 ,ã 3 ) ∈ B R (1, 1, 1) ⊆ R 3 + . Hence, by the above, also the volume-normalized homogeneous spinor flow with initial value g converges for t → ∞ to the Killing spinorḡ, i.e. the Killing spinor metricḡ is a stable point in the space of all left-invariant metrics of fixed volume.
(v) Next, we consider ǫ 1 = −1, ǫ 2 = ǫ 3 = 1. Then g = sl(2, R) and b 1 = −a 1 , b 2 = a 2 and b 3 = a 3 . Again, assume that a 2 = a 3 and set x := 4a 1 and y := 4a 2 = 4a 3 . Then the homogeneous spinor flow is given bẏ
If the initial values x(0) = x 0 , y(0) = y 0 fulfill y 0 = 3 2 x 0 , we get the soliton solution
Note that the soliton is not a twistor, and so also not a Killing spinor as
√ x0 e 1 · ϕ and ∇ ej ϕ = − 1 3
√ x0 e j · ϕ for j = 2, 3. Note that in contrast to the case g = su(2), here also the metric part of the soliton solution is not unique. In fact, for any standard basis (X 1 ,X 2 ,X 3 ) of sl(2, R), we get a soliton solutiong =
So we have a SO (1, 2) + -orbit of these spinor soliton metrics and we get the same metric precisely when we apply an element of the subgroup SO (1, 2) + ∩ SO(3) = {1} × SO(2) ∼ = SO(2). Thus, there is a two-dimensional space of left-invariant soliton metrics parameterized by the homogeneous space SO (1, 2) + /SO(2). The normalized homogeneous spinor flow is given bẏ
As the normalization condition reads xy 2 = 1, the system reduces tȯ
It is easy to see thatẋ
2/3 . This implies that T + = ∞ and
So the solution converges for t → ∞ to the soliton solution.
Moreover, if we linearize the volume normalized flow equation at the critical point (a 1 , a 2 , a 3 ) = 
The coefficient matrix has eigenvalue 0 corresponding to the scaling direction , implying stability of the volume normalized flow on the space of metrics of fixed "volume" which are diagonal with respect to the basis X 1 , X 2 , X 3 from above. Note that by similar arguments as in case (iv) any metric g sufficiently nearḡ flows via the volume-normalized homogeneous spinor flow for t → ∞ to a spinor soliton metricg with respect to which g is diagonal. However, as pointed out above,g is, in general, different fromḡ.
Spinor flow on almost abelian Lie groups
In this section, we consider the spinor flow on almost abelian Lie groups G, i.e. Lie groups having an abelian codimension one normal subgroup. Almost abelian Lie algebras g, i.e. Lie algebras of almost abelian Lie groups, are thus characterized by the existence of a codimension one abelian ideal u and the entire Lie bracket is encoded in one endomorphism f := ad(Y )| u of u for Y ∈ g \ u. Note that for any other Y ′ ∈ g \ u there exists some λ ∈ R * such that f ′ = ad(Y ′ )| u = λf , namely the unique element λ ∈ R * with Y ′ − λY ∈ u. Note that all three-dimensional Lie algebras except the two simple ones are almost abelian and so this subsection can be seen as a generalization of certain parts of the last subsection.
Below, we will also be interested in almost abelian Lie algebras of dimension four. There are plenty of examples of these Lie algebras in dimension four: First of all, there are the direct sums of a three-dimensional almost abelian Lie algebra with R, namely the unimodular ones R 4 , h 3 ⊕ R, e(2) ⊕ R, e(1, 1) ⊕ R, the nonunimodular Lie algebra aff(R) ⊕ R 2 , aff(R) being the two-dimensional Lie algebra of affine motions of the real line, one more single non-unimodular example and two more 1-parameter families of non-unimodular examples, cf. [7] . Moreover, there are in total three single (including one nilpotent example), one 1-parameter family and two 2-parameter families of non-decomposable almost abelian Lie algebras of dimension four, cf. [16] .
Note further that other similar geometric flows on almost abelian Lie algebras were already studied before in the literature. First of all, Lauret [14] studied in detail the Laplacian flow on seven-dimensional almost abelian Lie algebras obtaining many interesting results for that flow including that the maximal interval of existence is always of the form (T − , ∞) with −∞ < T − < 0 and a classification of all (semi-)algebraic Laplacian solitons on these Lie algebras. Moreover, Bagaglini and Fino studied in [3] the Laplacian coflow on these Lie algebras and showed that, under additional assumptions, the Laplacian coflow on these Lie algebras is ancient and has finite T + and obtained new examples of soliton solutions for that flow.
Coming back to the spinor flow, let Φ = (g, ϕ) ∈ F n be a universal spinor field and fix a basis X 1 , . . . , X n of g such that X 1 , . . . , X n−1 is a basis of u and X n is perpendicular to u with respect to g. Denote by F ∈ R (n−1)×(n−1) the matrix representing ad(X n )| u ∈ End(u) with respect to this basis and chooseḡ in such a way that X 1 , . . . , X n is a orthonormal basis with respect to g. Then g = H h for certain H ∈ Sym + (n − 1, R) and h ∈ R + . Similarly, we may decompose
for certain B ∈ R (n−1)×(n−1) and b ∈ R and obtain the relations B T B = H and b 2 = h.
Proposition 6.1. Suppose G is an almost abelian Lie group and let g be the associated almost abelian Lie algebra with codimension one abelian ideal u. If dim G ≤ 4 or ad(Y )| u = λ id u for some λ ∈ R and some Y ∈ g \ u , the spinorial energy functional for any Φ ∈ F G n depends only on the G-invariant metric g = H h defined by Φ and the following formula holds:
Proof. We compute c αβγ := c αβγ (A) for all α, β, γ. First, make the trivial observations that c ijk = 0 for all i, j, k ∈ {1, . . . , n − 1} and that c αnn = c nαn = c nnα = 0 for all α ∈ {1, . . . , n}. So we are left with those c αβγ where exactly two indices are from {1, . . . , n − 1}. We have
and, similarly,
for all i, j ∈ {1, . . . , n − 1}. As for i ∈ {1, . . . , n − 1}, c iαβ = 0 implies α = n or β = n, formula (4.1) for E(Φ) simplifies in all dimensions to
Now if n ≤ 4, obviously n − 1 ≤ 3 and by the same argument as in the proof of Theorem 5.1, the latter formula simplifies in this case further to
This simplification also takes place if F = λ I n−1 for some λ ∈ R and n arbitrary as then always D = λ I n−1 and the second term vanishes.
In the following we will study the spinor flow on almost abelian Lie groups under the assumption that n ≤ 4 or F = λI n−1 . It is a priori not clear that the spinor flow preserves the class of metrics g which are presented by g = H h with respect to the basis X 1 , . . . , X n .
To see this it suffices to show that for a curve of metrics (g t ) t∈I represented by E(Φ t ) for the horizontal lift (Φ t ) t∈I of that curve. So we need to compute E(Φ t ). Letḡ t be the metric on g with orthonormal basis (X 1 (t) := X 1 , . . . , X n−1 := X n−1 (t), X n (t) := X n − H −1 v(t)) and note that we have g t = diag(H, h − v(t)
T h −1 v(t)) with respect to that basis. Hence, we may apply formula (6.1) with respect to the background metricḡ t to compute E(Φ t ). In general, this formula depends on the chosen background metric since the matrix F appearing in that formula is the matrix representing the endomorphism ad(X n (t))| u with respect to the basis (X 1 (t), . . . , X n−1 (t)). However, in our case (X 1 (t), . . . , X n−1 (t)) = (X 1 , . . . , X n ) and ad(X n (t))| u = ad(X n )| u and so F is independent of t.
with respect to the basis (X 1 (t), . . . , X n (t)) and v(0) = 0, one immediately sees from formula (6.1) that
E(Φ t ) = 0. Hence, the homogeneous spinor flow preserves the class of metrics for which X n is perpendicular to span(X 1 , . . . , X n−1 ). The same is then obviously also true for the volume-normalized homogeneous spinor flow, i.e. we have shown:
Lemma 6.2. Let G be an almost abelian Lie group and g be the associated almost abelian Lie algebra with codimension one abelian ideal u and assume that dim g ≤ 4 or ad(Y )| u = λ id u for some λ ∈ R and some Y ∈ g \ u. Moreover, let Φ = (g, ϕ) be a G-invariant universal spinor field and let X 1 , . . . , X n be a basis of g such that X 1 , . . . , X n−1 is a basis of u and X n ∈ u ⊥ . Then the solution of both the homogeneous and the volume-normalized homogeneous spinor flow with initial value (g, ϕ) is given by (g t , ϕ) for g t being of the form g t = diag(H t , h t ) with respect to the basis (X 1 , . . . , X n ) for H t ∈ Sym + (n − 1, R) and h t ∈ R + .
Next, we look at the flow equations. Let Φ = (g, ϕ) be a left-invariant universal spinor field on G and (X 1 , . . . , X n ) be a basis of g such that g = diag(H, h) with respect to that basis for certain H ∈ Sym + (n − 1, R) and h ∈ R + . Moreover, set E(H, h) := E(Φ) with E(Φ) as in (6.1). Then t → g t = diag(H, h + t) fulfills g t = hE nn and A ∈ GL + (n) with
) is a lift of g. Hence, we get
from (4.4) and (2.3). This shows that I ∋ t → h t is strictly monotonically increasing along any solution (Φ t ) t∈I of both the usual and the volume-normalized homogeneous spinor flow, or (g, ϕ) is a critical point of both homogeneous spinor flows. We show now that if F is not nilpotent, then Q 1 (Φ) nn ≥ C for some C > 0 independent of H and h. Note that then the same is true also forQ 1 (Φ) nn and we have shown that for F being non-nilpotent, we cannot have any spinor soliton. By definition of the Frobenius norm · F , the identity tr
Clearly, the complex eigenvalues λ 1 , . . . , λ n−1 of F and
the Frobenius norm the following inequality holds
where λ i (B) are the Eigenvalues of B. In particular, we conclude
and so Proposition 6.3. Let g be an almost abelian Lie algebra of dimension at most four or assume that ad(X)| u acts as a multiple of the identity on a codimension one abelian ideal u for any X ∈ g \ u. If g is not abelian, then any Lie group G with associated Lie algebra g does not possess a left-invariant spinor soliton.
Remark. By [12] , there are almost abelian Lie algebras of dimension seven which are not abelian but possess a left-invariant parallel G 2 -structure φ, which then has to induce a flat metric g φ . So they also admit a g φ -parallel spinor field ϕ and so a critical point of even the usual homogeneous spinor flow. This shows that Proposition 6.3 is no longer true in higher dimensions.
Next, we compute Q 1 (Φ) ij for all i, j ∈ {1, . . . , n − 1}. Denote by E ij the matrix whose only non-zero component is at the place (i, j) and is equal to one. Then t → g t = diag(H + tHE ij H, h) fulfillsġ t = HE ij H and A = diag( √ H, √ h) −1 is a lift of g. Thus, (4.4) and (2.3) imply
as H is symmetric. So if we write
Summarizing, the homogeneous spinor flow in the above setting is given bẏ
whereas the volume-normalized homogeneous spinor flow is given by the initial value probleṁ
In the case of the usual homogeneous spinor flow, if we set k t := det(H t ), we obtaiṅ
In the case of the volume-normalized homogeneous spinor flow, we directly get
Foscolo and Haskins [11] recently constructed two new cohomogeneity 1 examples on S 6 and S 3 × S 3 . At the time of writing, these are all known examples. We will now study the spinorial energy and the spinor flow on the flag manifold F 1,2 . The flag manifold F 1,2 is the homogeneous 6-manifold SU(3)/T 2 , where T 2 is embedded in SU(3) via
2 be the Lie algebra of T 2 and let X i ∈ t 2 , i = 1, 2, be the standard basis corresponding to θ 1 and θ 2 respectively. The image of t 2 in the Lie algebra su(3) of SU (3) Any t 2 -invariant inner product on p induces a Riemannian metric on F 1,2 . Consider the inner product on p for which νR 1 , . . . , νR 6 is orthonormal for any ν ∈ R + . There is a unique value of ν 1 for which the volume of F 1,2 with respect to the induced Riemannian metric is 1. Denote by E 1 , . . . , E 6 the basis ν 1 R 1 , . . . , ν 1 R 6 and byḡ the corresponding inner product on p. Denote by e 1 , . . . , e 6 the dual basis of E 1 , . . . , E 6 . Computing the linearized isotropy action with respect to the basis (E 1 , . . . , E 6 ) yields , as has been computed in [9] , section 5. Hence the space of invariant metrics is given by The metric g = a 1 α 1 + a 2 α 2 + a 3 α 3 can be written as g(v, w) =ḡ(A −1 v, A −1 w)
. Notice that thus A −1 α * A = α * and hence the representation ρ n •Ã −1αÃ is independent of the choice of metric. Hence the module of invariant spinors Σ T 2 n does not depend on the choice of metric. It is well known that the spinor module Σ 6 can be written as
We identify the standard basis of the tensor product with the standard basis of C 8 via e i ⊗ e j ⊗ e k ↔ e 1+i+2j+4k ,
where the standard basis of C 2 is labelled e 0 , e 1 . The Clifford action of the standard vectors e 1 , . . . , e 6 ∈ R 6 is then given by
For details on this construction, see [13] , section 1.3. Lifting the action of t 2 from so(p) to spin(p) via the canonical isomorphism spin(n) → so(n) e i · e j · → 2E ij , we obtain an explicit representation of the infinitesimal action of t 2 on C 8 . It is then a simple matter to calculate the space of invariant spinors and we obtain the two-dimensional space Note that ϕ 1 and ϕ 2 have unit length. Now suppose that Φ in F G is given by g = a 1 α 1 + a 2 α 2 + a 3 α 3 and ϕ = µ 1 ϕ 1 + µ 2 ϕ 2 with |µ 1 | 2 + |µ 2 | 2 = 1. Evaluating the formula 4.1 yields E(g, ϕ) = 3 16 a (The formidable number of computations necessary to evaluate the formula have been performed by a computer algebra system.) The energy does not depend on the choice of spinor. This is explained by the fact that the two invariant spinors ϕ 1 and ϕ 2 differ only by the action of the complex volume element, i.e. ϕ 2 = ω C · ϕ 1 . Thus we can once more consider E to be a map on the space of invariant metrics alone. The scaling law E(λ 2 g) = λ 4 E(g) implies that E has no critical points on the positive cone R + α 1 , α 2 , α 3 . The volume constraint M vol g = M volḡ is equivalent to the condition a 1 a 2 a 3 = 1. By the methods of Lagrange multipliers one can show that the only critical point of E under this volume constraint is given by a 1 = a 2 = a 3 . This critical point corresponds to the strictly nearly Kähler metric on F 1,2 with the Killing spinor.
To derive the spinor flow equations, we compute the negative gradient. Because the energy is independent of the spinorial component we again have Q 2 = 0. The metric component Q 1 is of the form v 1 α 1 + v 2 α 2 + v 3 α 3 . By calculations similar to the ones in the case of Lie groups we obtain
Choosing any {i, j, k} = {1, 2, 3}, this results in
a i a j a k (3a i − a j − a k ) . The eigenvalues of the defining matrix are 0 and −5/16. The eigenvalue 0 is simple and corresponds to the volume normalization. Since the other eigenvalues are negative, we conclude that the strictly nearly Kähler metric on F 1,2 is a stable critical point of the volume normalized homogeneous spinor flow. The global dynamics of the volume normalized homogeneous spinor flow can be understood by computing the restriction of E to the set of invariant metrics with volume 1. Such a metric is defined by g = a 1 α 1 + a 2 α 2 + a 3 α 3 , where a 1 a 2 a 3 = 1 and a 1 , a 2 , a 3 > 0. We can parametrize this set by u, v > 0 by taking a 1 = u, a 2 = v and a 3 = 1 uv . The spinorial energy functional then becomes a function on R 2 + and it is given by E(g) = 3 16
The only critical point on R 2 + is u = v = 1, corresponding to the critical point a 1 = a 2 = a 3 = 1 we found before. In fact, this critical point is a global minimum, since E diverges as u or v get close to 0 or ∞. This implies that the volume normalized homogeneous spinor flow will converge towards the strictly nearly Kähler F 1,2 from any initial condition.
Remark 7.1. In all situations encountered so far the spinorial energy turned out to be independent of the spinorial part of a G-invariant universal spinor field, i.e. depended on the metric only. One could be tempted to believe that this is a general feature of the homogeneous spinor flow. However, this turns out not to be the case. we found a true dependence of the energy on the spinorial part. In fact, by work of Reidegeld [17] , there is a 4-dimensional space of invariant metrics and we found a 2-dimensional space of invariant spinors, for generic values of k and l. Unfortunately, we weren't able to further analyze the flow equations so we refrain from reproducing them here.
